We study models of neutrino masses which naturally give rise to an inverted mass hierarchy and bi-maximal mixing. The models are based on the see-saw mechanism with three right-handed neutrinos, which generates a single mass term of the form ν e (ν µ +ν τ ) corresponding to two degenerate neutrinos ν e and ν µ +ν τ , and one massless neutrino ν µ −ν τ . Atmospheric neutrino oscillations are accounted for if the degenerate mass term is about 5 × 10 −2 eV. Solar neutrino oscillations of the Large Mixing Angle MSW type arise when small perturbations are included leading to a mass splitting between the degenerate pair of about (1.7 − 2.0) × 10 −4 eV for the successful cases. We study the conditions that such models must satisfy in the framework of a U(1) family symmetry broken by vector singlets, and catalogue the simplest examples. We then perform a renormalisation group analysis of the neutrino masses and mixing angles, assuming the supersymmetric standard model, and find modest radiative corrections of a few per cent, showing that the model is stable. At low energies we find sin 2 2θ 23 ≈ 0.93 − 0.96 and sin 2 2θ 12 ≈ 0.9 − 1.0.
Introduction
The latest atmospheric neutrino results based on 1117 days of data from Super Kamiokande are still consistent with a standard two neutrino oscillation ν µ → ν τ with a near maximal mixing angle sin 2 2θ 23 > 0.88 and a mass square splitting ∆m 2 23 from 1.5 × 10 −3 to 5 × 10 −3 eV 2 at 90% CL [1] . The sterile neutrino oscillation hypothesis ν µ → ν s is excluded at 99% CL.
Super Kamiokande is also beginning to provide important clues concerning the correct solution to the solar neutrino problem. The latest results from 1117 days of data from Super Kamiokande [2] sees a one sigma day-night asymmetry, and a flat energy spectrum, which together disfavour the small mixing angle (SMA) MSW solution [3] , the just-so vacuum oscillation hypothesis [4] and the sterile neutrino hypotheses. All three possibilities are now excluded at 95% CL. The results allow much of the large mixing angle (LMA) MSW region [3] , which now looks like the leading candidate for the solution to the solar neutrino problem. For example a typical point in the LMA MSW region is sin 2 2θ 12 ≈ 0.75 and ∆m 2 12 ≈ 2.5 × 10 −5 eV 2 [5] .
Once the CHOOZ constraint [6] is taken into account, the latest results seem to imply an approximate bi-maximal mixing scenario tan θ 23 ≈ 1, tan θ 12 ≈ 1, and hence distinguish between the two cases [7] . The see-saw mechanism [8] implies that the three light neutrino masses arise from some large mass scales corresponding to the Majorana masses of some heavy "right-handed neutrinos" N Hierarchical neutrino masses are not guaranteed because a hierarchy in m LR does not necessarily imply a hierarchy in m LL since M RR is also expected to be hierarchical, and the hierarchies may cancel out in the see-saw mechanism. Nevertheless it would seem surprising if the resulting neutrino spectrum came out to be degenerate m ν 1 ≈ m ν 2 ≈ m ν 3 with three accurately equal masses of say an eV but with small mass splittings appropriate to the atmospheric and solar data especially taking into account radiative corrections [9] , although such a scenario could be enforced by a symmetry [10] . The possibility of an inverted mass hierarchy m ν 3 ≪ m ν 2 ≈ m ν 1 with bi-maximal mixing however is more natural, since it follows from a simple form of mass matrix [11] 
which corresponds to neutrino masses of the form ν e (bν µ + cν τ ), which implies two degenerate neutrinos ν e and bν µ +cν τ , and a massless neutrino cν µ −bν τ , with neutrino mixing angles tan θ 23 = c/b, tan θ 12 = 1, θ 13 = 0. It has also been pointed out that the mass matrix in Eq.2 can be generated from the see-saw mechanism using two righthanded neutrinos with an off-diagonal Majorana mass, using a chiral U(1) family symmetry to give the desired textures [12] .
Our discussion of the inverted hiearchy models differs from that already presented in the literature in the following three ways. Firstly we consider the see-saw mechanism in the framework of the supersymmetric standard model with three right-handed neutrinos, and focus on a particular texture for the heavy right-handed neutrinos which is capable of approximately reproducing the mass matrix in Eq.2. Secondly we introduce a vector U(1) family symmetry which is broken by vector-like singlets, which allows both signs of charges to contribute, and make a computer scan over all charges which can lead to the desired mass matrix, and tabulate the simplest cases.
Thirdly we perform a renormalisation group (RG) analysis of some cases, in order to examine the radiative corrections in going from the GUT scale to low energy.
In section 2 we give an analytic discussion of the model, and in section 3 we introduce a U(1) family symmetry and tabulate the simplest charges consistent with our scheme. Section 4 contains a renormalisation group analysis of some examples, and section 4 concludes the paper.
Analytic Discussion
We begin our discussion by returning to the case of a conventional neutrino mass hierarchy where the presence of a large 23 mixing angle looks a bit surprising at first sight, especially given our experience with small quark mixing angles. Several explanations have been proposed [13] , but the simplest idea is that the contributions to the 23 block of the light effective Majorana matrix come predominantly from a single right-handed neutrino, which causes the 23 subdeterminant to approximately vanish. A dominant single right-handed neutrino then naturally leads to a hierarchical neutrino mass spectrum, with a single dominant physical neutrino mass and two much lighter neutrinos. This mechanism, called single right-handed neutrino dominance (SRHND), was proposed in [14] , and developed for bi-maximal mixing in [15] . The effect of radiative corrections on the bi-maximal SRHND case was considered in [16] .
We then show that for the off-diagonal heavy Majorana texture, a reversal of the SRHND conditions leads to an inverted mass hierarchy and bi-maximal mixing.
We first write the neutrino Yukawa matrix in general (in the LR basis) as
There are now three distinct textures for the heavy Majorana neutrino matrix which maintain the isolation of the dominant right-handed neutrino N R3 , namely the diagonal, democratic and off-diagonal textures introduced previously [14, 15] . Only one of these textures, namely the off-diagonal case, can lead to an inverted mass hierarchy.
We therefore specialise to the off-diagonal heavy Majorana texture:
From Eqs.3 and 4, the see-saw formula Eq.1 implies
where v 2 is the Higgs vacuum expection value which relates the neutrino mass matrix to the neutrino Yukawa matrix m LR = Y ν v 2 . From this starting point we may obtain either a conventional hierarchy or an inverted hiearchy, depending on the conditions applied to the couplings.
• The conditions for a conventional hierarchy as in Fig.1 via SRHND are simply that the third right-handed neutrino dominates the 23 block of m LL ,
2 Actually this texture represents a set of off-diagonal Majorana textures related by a re-ordering of the right-handed neutrino fields. For example if we cyclically permute the right-handed neutrino fields as 1 → 2, 2 → 3, 3 → 1 then we would have 
so that Super-Kamiokande and CHOOZ [6] imply
The 12 mixing angle is controlled by the sub-dominant right-handed neutrinos, and the condition for a tan θ 12 ∼ 1 is [15] :
• In order to achieve an inverted hiearchy as in Fig.2 from the off-diagonal texture in Eq.4, we must require contributions to m LL in Eq.5 such that Eq.2 is approximately reproduced. It is straightforward to show that only an off-diagonal texture such as Eq.4 allows this. This immediately implies that the first and second right-handed neutrinos with mass term X must give the dominant contribution to the matrix relative to the contributions from the third right-handed neutrino with mass Y ,
which is the opposite of the SRHND condition Eq.6. Furthermore we require one of the following conditions to be satisfied
The simplest example which generates an inverted hierarchy is to take the limit that only a ′ , b, c are non-zero, so that m LL becomes
which is of the form in Eq.2. In order to split the degeneracy, we must allow for small perturbations. Suppose to begin with that d = e = f = 0, then only two right-handed neutrinos contribute and
and mixing angles
Note that in the inverted hierarchy case |∆m
, the LMA MSW solution implies
eV , with rather large errors, which is much smaller than the corresponding mass splitting 5 × 10 −3 eV in the conventional hierarchy case. This implies that the perturbations in the inverted hierarchy case must be much smaller than in the conventional hierarchy case. A convenient way to describe such perturbations is in the framework of U(1) family symmetry to which we now turn.
U (1) Family Symmetry
Introducing a U(1) family symmetry [17] , [18] , [19] , [20] provides a convenient way to organise the hierarchies within the various Yukawa matrices. For definiteness we shall focus on a particular class of model based on a single pseudo-anomalous U (1) gauged family symmetry [19] . We assume that the U (1) is broken by the equal VEVs of two singlets θ,θ which have vector-like charges ±1 [19] . The U(1) breaking scale is set by < θ >=<θ > where the VEVs arise from a Green-Schwartz mechanism [21] with computable Fayet-Illiopoulos D-term which determines these VEVs to be one or two orders of magnitude below M U . Additional exotic vector matter with mass M V allows the Wolfenstein parameter [22] to be generated by the ratio [19] 
The idea is that at tree-level the U(1) family symmetry only permits third family 
The neutrino Yukawa matrix is explicitly
which may be compared to the notation in Eq.3. The charged lepton Yukawa matrix is given by
For the quarks we shall assume a common form for the textures of
The conditions for achieving bi-maximal mixing with either a conventional neutrino hierarchy, or an inverted hierarchy then translate into conditions on the choice of U(1) charges for the different fields. We have already tabulated the simplest charges consistent with the SRHND conditions giving a hierarchical spectrum and the LMA MSW solution Eqs.6, 9 [15] . In Tables 1 and 2 , we give the simplest U(1) charges consistent with an inverted neutrino mass hierarchy Eqs.10, 11
The U(1) charges in Tables 1,2 can be arranged into four categories (referred to as cases I, II, III and IV) according to the perturbation terms present in m LL which can be expressed in leading order, using Eqs.17, 18 together with Eqs.3, 4,5 as
where δ = ǫ = λ 4 in cases I,II, δ = λ 6 , ǫ = λ 4 in case III, and δ = λ 4 , ǫ = λ 6 in case IV. Again one can differentiate cases I and II with respect to the textures of charged lepton Yukawa matrix as shown in Table 3 . This may lead to different solar mixing angles at the end. Case l 1 l 2 l 3 n 1 n 2 n 3 σ III -3 3 3 2 -3 - 
Renormalisation Group Analysis
We now turn to a renormalisation group study for calculating radiative corrections to neutrino masses and mixing angles at low energies (see [16] and references therein).
We pick up four representative examples, one each from each case listed in Tables 1,2 .
Our detailed procedure and methods follow closely that used in the case of SRHND in [16] , which we summarise briefly. From [16] we make use of the renormalisation in [16] . We also calculate the left-handed Majorana neutrino mass matrix and the same mixing parameters at the GUT scale for providing a meaningful comparison of radiative corrections at different energy scales though the see-saw mechanism in principle, does not operate at scales above the lightest right-handed neutrino mass M R1 . In the next step while moving from M R1 scale to low energy scale m t , we run the RGEs for the coefficient κ of the dimension 5 neutrino mass operator in the diagonal charged lepton basis [16] , which is interpreted as see-saw mass matrix
and
where f = t, τ . We also calculate V M N S (m t ) = V The numerical results are presented in Tables 5-8 for cases I-IV where the results in Table 8 handed Majorana neutrino mass, and other relevant parameters needed for the numerical estimation of left-handed Majorana neutrino masses at low energies through see-saw mechanism. Here < Σ > is taken as a free parameter and M R1 is the lowest threshold scale in M RR . As noted earlier, the right-handed neutrinos may be permuted according to 1 → 2, 2 → 3, 3 → 1 so that the large elements in Y ν appear in the 23 and 33 positions, which may be more natural from the viewpoint of unified theories where a large 33 element is expected. Table 8 : Case IV: Left-handed Majorana neutrino mass matrix and mixing matrix at different energy scales M U , M R1 and m t . Neutrino masses are expressed in eV. Note that we take the convention |m ν1 | > |m ν2 |, which fixes the ordering of the 1st two columns of V MN S .
lie outside the allowed range. This depends on the texture of charged lepton Yukawa matrix given in Tables 3 and 4 . However the atmospheric mixing angle parameter S at is found to increase by about 6% from high scale M U to low scale m t , of which 2% is in the energy range M U to M R1 . The low energy values are predicted as S at = 0.935, 0.957, 0.937, 0.931 for cases I-IV respectively. These values are above the experimental lower bound S at > 0.88. In our numerical analysis the charged lepton textures also predict almost consistent hierarchical ratios of charged lepton masses at low scale as shown in Tables 5-8 .
Conclusion
In conclusion, we have studied models of neutrino masses which naturally give rise to an inverted mass hierarchy and bi-maximal mixing. The models are based on the see-saw mechanism with three right-handed neutrinos, which generates a single mass term of the form ν e (ν µ +ν τ ) corresponding to two degenerate neutrinos ν e and ν µ +ν τ , and one massless neutrino ν µ − ν τ . Atmospheric neutrino oscillations are accounted for if the degenerate mass term is about 5 × 10 −2 eV. Solar neutrino oscillations of the Large Mixing Angle MSW type arise when small perturbations are included leading to a mass splitting between the degenerate pair of about (1.7 − 2.0) × 10 −4 eV. We have studied the conditions that such models must satisfy in the framework of a U (1) family symmetry broken by vector singlets, and catalogue the simplest examples.
We distinguished four types of cases, and then performed a renormalisation group analysis of the neutrino masses mixing angles, assuming the supersymmetric standard model and large tan β, for one example from each case. Cases I,III,IV predict almost maximal solar mixing, and an atmospheric mixing angle which is near maximal, increasing by 6% due to RG running. However case IV predicts a splitting parameter ξ which is outside the allowed range, therefore this texture is not favoured for the LMA MSW solution. Case II gives a somewhat smaller solar mixing angle, which decreases by about 3% due to RG running, while the atmospheric angle increases by about 5%. Although these examples predict a large solar mixing angle sin 2 2θ 12 > 0.9, this prediction depends to some extent on the texture assumed for Y e , since in the absence of charged lepton mixing angles, the 12 neutrino mixing is almost exactly maximal. Clearly all cases are stable under radiative corrections, leading to a natural explanation of bi-maximal mixing in terms of an experimentally testable inverted hierarchical spectrum.
